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Abstract 

We calculate the renormalization constants of the Af=l,Af = 2, Af = 4: supersymmetric 
Yang-Mills theories in an arbitrary covariant gauge in the dimensional reduction scheme 
up to three loops. We have found, that the beta-functions for Af = 1 and A/" = 4 SYM 
theories are the same from the different triple vertices. This means that the dimensional 
reduction scheme works correctly in these models up to third order of perturbative theory. 



Regularization by dimensional reduction was supposed by Siegel pQ for calculations in 
the supersymmetric theories. It has a simple explanation as dimensional reduction from 
the higher dimensions [H [2]. For example, if we start from H = 1 supersymmetric Yang- 
Mills (SYM) theory in 10 dimension, where the number of fermionic and bosonic degrees of 
freedom is equal, this number should be the same when we go to A/" = 4 SYM theory in 4 
dimension. In this way one obtain, that the number of the scalar particles should be 6 + 2 e 
with 2 e additional scalars , where e is the parameter of the dimensional regularization, the 
dimension of the space-time being = 4 — 2 e. 

However, as was pointed out by Siegel himself [3] and than studied in Refs. [21 HI El E] 
the dimensional reduction scheme has some inner problems and should violated in the 
higher-loop orders. In particular for the A/" = 4 SYM theory for the propagator type 
diagram DR-scheme should works at least up to ten loops and for the triple vertices at 
least up to eight loops [4J. However later in Ref. [3] were presented the results for the 
three-loop /3-functions in A/" = 1, A/" = 2 and A/" = 4 SYM theories in P = 4 dimension 
or, equivalently, for A/" = 1 SYM theories in P = 4, D = 6 and P = 10 dimensions 
correspondingly, obtained from the different vertices, namely, from the fermion-fermion- 
vector and fermion-fermion-scalar vertices. It was claimed, that the three-loop /5-functions 
are different from these vertices. This result means, that the gauge and Yukawa coupling 
constants are renormalized in a different way so the DR-scheme violates supersymmetry 
and does not work already at this level for any dimension D [5l E] . 

To study this problem for the future four-loop computations, we have repeated these 
calculations (but in the arbitrary covariant gauge) and have found, that indeed, in general 
for the arbitrary dimension V the /3-functions are different from these vertices, but for 
P = 40 and P = 10 (A/" = 1 and A/" = 4 SYM theories in P = 4) these ^-functions are the 
same on the contrary of the statement of Refs. O E]- This result allows to hope, that the 
limitations from Table 1 in Ref. [5j are correct and it is possible to use DR-scheme beyond 
three loops. 

The renormalization constants within MS-like schemes do not depend on dimensional 
parameters (masses, momenta) [8] and have the following structure: 

zJKa^gA =l + Y,c^-\a,g')e-\ (1) 

^ ^ n=l 

where a is gauge fixing parameter. The renormalization constants define corresponding 
anomalous dimensions 

7r(a,/)=/^4^\a,/). (2) 

For the calculation of the renormalization constants, following of Ref. [9] (see also 
Refs. [TUl [TTl 112]), we use the multiplicative renormalizability of Green functions. The 

^ A fact, that the result of Ref. [5] is incorrect for M = 1 SYM theories in I? = 4 dimension was pointed 
out firstly in Ref. [7]. 
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renormalization constants relate the dimensionally regularized one-particle-irreducible 
Green function with renormalized one as: 

rRenormalized «, 9^ = lim Zr «, Tfiare (Q^, "B, Qb, , (3) 

where and ae are the bare charge and the bare gauge fixing parameter correspondingly 
with 



2 2e 

9b = f^ 



9' + J2^^-^{9') 



n=l 



(4) 



aB = a^3, Z3 = Zg. (5) 

The bare charge 9^ is to be constructed from appropriate Zi. In general for the triple 
vertices we have 

9l = f^''9'Z^,,Zr-Zi:' , (6) 

where Zjjk and Zj are the renormalization constants for the triple vertices and the wave 
functions correspondingly. From eqs. (jlj) and ([6]) one obtains the charge renormalization 
/3-function as 

(/) = - 1) afl{9') = 9' [^lnk{^,9') - 27,(«, - l,{a,9')] . (7) 

The calculation of the renormalization constants within MS-like scheme can be reduced 
to the calculation only of massless propagator type diagrams by means of the method 
of infrared rearrangement [TT]. In the case of the fermion-fermion- vector, scalar-scalar- 
vector, ghost-ghost-vector vertices it means that we can nullify the momentum of the 
external vector field and in the case of the fermion-fermion-scalar vertex it means that 
we can nullify the external scalar momentum reducing the calculation of the Zjjk to the 
propagator type diagrams. 

To find the renormalization constants we compute with the FORM [13] package MIN- 
CER [H] the unrenormalized three-loop one-particle-irreducible fermion-fermion- vector, 
scalar-scalar- vector, ghost-ghost- vector, fermion-fermion-scalar vertices and inverted fermion, 
scalar, ghost and vector propagators. Having the two-loop bare charge we determine the 
necessary three-loop constants Zjjk and Zj from the requirement that the poles in e cancel 
in the r.h.s. of eq. ([3]). We use a program DIANA [15], which call QGRAF [16] to generate 
all diagrams. The computations were done using FORM package COLOR [IT] for evalu- 
ation of the color traces, and the Feynmans rules from Refs. [TH|, [S] with the arbitrary 
gauge fixing parameter a, i.e. the propagator of the vector field is {9 — {)- — Oi)q^qy / q^) / . 

Substituting the obtained 7-functions to the eq. ([7]) we find from the fermion-fermion- 
vector, scalar-scalar-vector, ghost-ghost-vector vertices the following /3-function {Ca is the 
quadratic Casimir operator): 

,2 



1 - {V -Q)CAa+^- {V-Qf C\a^ 
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(47r)^ 
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in accordance with the previous calculations [20], while from the fermion-fermion-scalar 
vertex we get (^44 is the quartic Casimir operator [T7j) 



r)3— loop 



(a) = - - 10) CA-iV-6)Cla 

+ I {V' - 4P + 84) + {V- 4)(2P - 15) Cs) 
+ (P - 4) (a iV-3)- 24 (2P - 15) C3)c?44| a' , 



(9) 



which is different with compare to the result from Ref. [5]. For T> = 10 and V = 4 the 
/^-functions (IHl) and are the same, on the contrary of the result of Ref. [5] . For V = 6 
the /3-function ([HD from the Yukawa vertex is not zero at three loops, as in Ref. but 
with different coefficients. The equivalence of the three-loop /3-functions from the gauge 
and fermion-fermion-scalar vertices for the JV = 1 SYM theory in T> = 4 was obtained 
already in Ref. [7], what allowed to find the four-loop /3-function in this model from the 
corresponding result in QCD [21] . 

So, we have found, that the gauge and Yukawa couplings are renormalized in the same 
way for A/" = 1 SYM theory in P = 4 and for A/" = 4 SYM theory in P = 4 (or A/" = 1 SYM 
theory in "D = 10). Then, the DR-scheme preserves supersymmetry and works correctly in 
these models up to three loops. 

In Appendix we give the renormalization constants for all fields in A/" = 1, A/" = 2, 
A/" = 4 SYM theories in D = 4. In general the renormalization constants for all vertices 
can be found from eqs. ([7]) and ([H]) for the triple vertices and the analogous equations for the 
quarter vertices. For the fermion-fermion-vector, scalar-scalar- vector, ghost-ghost-vector 
vertices we have found by the direct calculations the correctness of obtained renormalization 
constants, while for the fermion-fermion-scalar vertex one should use eq. (I9l) instead of 
eq. (IHl) • Really, in the last case we can not use DR-scheme for A/" = 2 SYM theory in X> = 4 
(or A/" = 1 SYM theory in P = 6) at three loops because it violates supersymmetry. 

To conclude, we note that the obtained renormalization constants were used for the full 
direct calculation of the four-loop anomalous dimension of Konishi operator in A/" = 4 SYM 
theory [22]. The result of this calculation coincides with the results of the corresponding 
superfield [23] and superstring |24j calculations. 
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Appendix: Renormalization constants 

In this Appendix we give explicit expressions for the renormahzation constants for vector, 
fermion, scalar (pseudoscalar) and ghost fields in A/" = 4, A/" = 2 and J\f = 1 SYM theories 
up to three loops in the arbitrary covariant gauge. The renormalization constants for all 
vertices can be easily found from the /^-functions ([7]), and © and their higher poles. 

■jv=i_^ « + 3„ /2a2 + 9a + 9 2^2 ^ 11a - 21\ 3 2 



Zr'-l-—C'.a^[^^^ 

2a3 + 12a2 + 21a + 9 Ua^ + 96a2 + 27a - 189 

+ I + 



16e3 96e2 
7a^ + 33a2 - 97a + 175 a^ + 4a + 79 , . o , 

96^ 16^ 1 • (1°' 

7A^=4 1 " + 3^ / a2 + 5a + 6 a2 + 8a-33\ 2 2 

Zj f = i O 4 a + O — r U 4 CI 



^/ —^A^-tyo — 

4a3 + 27a2 + 57a + 36 2a^ + 17a^ - 12a - 99 



+ 



k3 8e2 



lOa^ + 39a2 - 255a + 1014 a2 + 2a + 69 , > o 

-Cs <^>^ (11) 



96e 8e 

7Ar=4 T a + 1 ^ /3a2 + 7a + 2 a2 + 8a - 5 ^ 2 2 
=l-^—CAa+^ — ] C^a 

Ua^ + 45a2 + 39a + 4 2a^ + 15a2 - 5 

+ I + 



24e3 



uf2 

lOa^ + 39a2 - 247a + 14 a2 + 35 



96e 8e 



C3)Cla^ (12) 



-^-^-^"^ v^2r^"^2^; 

5a3 + 9a2 + 3a - 9 ^a^ + 39a2 - 18a - 189 

128e3 ^ 384e2 

-3a=' - 6a2 + 144a + 175 a2 + 4a + 79 \ , 

+ 1^ CAC\a^- (13) 



192e 32e 
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l-^C.a+^^^, 

2a3 + 4^2 ^ a - 7 ^ 14a3 + 72^2 + 79^^ + 35 



16e3 96e2 
la^ + 33q;2 + 43q; - 273 + 4q; + 39 , 3 3 



96e 16e 
^ a + 1 ^ /3a2 + 7q; + 6 + 80; + 7\ 2 2 

4q;3 + 15a2 + 25q; + 20 60;=^ + 45^2 + gOa + 49 

+ 



e3 24e2 

3 „3 



lOa^ + 39q;2 + 21a - 410 q;^ + 2q; + 29 , , 

-Ca C'la^ 



96e 8e 

q; - 1 ^ /3Q;^-a-2 a^ + 8a + 3\^o , 
-— C.a+(^j^ —)CW 

-4q;3 - 3q;2 + 3a + 4 60;^ + 39q;2 + 20q; + 3 
8e3 ^ 24^2 

IQa^ + 39q;2 + 29q; - 226 + 19 \ . o 



96e 8e 

-5q;3 - 9^2 + 5a + 65 80;^ + 390^ + 2q; - 49 

128e3 ' 384^2 
+ 2^2 _ + + 4a + 39 , \ o 



64e 32e 



-^C^a+y^ 16^ ^ 

-2a^ + 9a + 27 ^ Ua^ + GOa^ - 39^ - 369 



16e3 96e2 



7q;^ + 33q;2 + 113q;-533 q;^ + 4q; + 19 , \ ^3 3 



96e 16e 
a / 3q;(q; + 1) + Set + 3\ 2 2 

i-7^A«+(^^^^ 8^ ) 

a (4q;2 + 9q; + 9) _^ q;^ + Ta^ + 11a + 3 



8e3 4e2 
lOa^ + 39a2 + 159a - 66 a^ + 2a + 9 . o ^ 



96e 8e 
a-2^ /3a2-5a-4 a^ + 8a - 17 , , 

-— s — 1^^" 

-12a^ + 9a2 + 33a + 32 a^ + ea^ - 7a - 16 

+ 



24e3 4e2 

C3) <:^ia^ 



10a=^ + 39a2 + 167a - 634 a^ + 11 ^ j ^3 3 



96e 8e 

-5a3 - 9a2 + 9a + 189 8a^ + 39a2 + 12a - 891 

128e3 ^ 384e2 

3a^ + 6a2 - 139 a^ + 4a + 19 \ 3 3 
^TTT Cs Cj^a . 
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